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Abstract

In the present work, we study the consequences of including the lapse func-
tion as an additional degree of freedom for a general spherical warp-based
geometry. By allowing a non-uniform lapse function to evolve, we find that it
is possible to accommodate a fluid that includes heat flow. This broadens the
range of fluid types that have been studied in these systems and is consistent
with the spherical warp metric. Having added the lapse function, we solved
the system of equations using an anisotropic fluid with heat flow. In this way,
we can examine the different characteristics of the variables of the system.
Next, we study the energy conditions and establish how these are modified by
including heat flux for an appropriate generic observer in a locally flat space-
time. Finally, we explore all energy conditions using the numerical solutions
and verify the regions where they are satisfied.

Keywords: lapse function, heat flux, anisotropy, general relativity,
warp bubble

1. Introduction

Since the appearance of the warp drive published by Alcubierre, it is well known that there have
been numerous criticisms from several authors, including Alcubierre himself, who already
detected some of the problems that this idea would have [1-18]. The main problem has to do
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with the need to include exotic matter in order to sustain the spacetime configuration. In this
article, we want to explore the possibility of having a warp-based bubble configuration and
explore the consequences of including a non-trivial lapse function.

In Cartesian coordinates, the line element according to the ADM formalism [19-21] has
the form

ds® = —a2dP? + (dx+ Bdr)* + dy? +d2* . (1

This kind of line element is widely used and was the starting point for Alcubierre to explore the
possibility of warp drives. In his original work, he describes a so called warp bubble moving
in a given direction, for instance in (1) describes a ‘warping’ in the x direction. This bubble
obeys very specific constraints regarding the spacetime geometry. Alcubierre assumes in his
work that the lapse function =1 and also proposes a specific form function 3. These same
assumptions have been incorporated into the vast majority of studies that have been done on
the subject.

Recently, some studies on the warp drive configurations have been carried out that do not
assume a specific form function and explore in depth the matter content that must be present in
order to make the warp drive feasible [22-26]. In the same sense, in previous articles we have
explored the use of different symmetries to study a warp—based metric, finding that in this way
the analysis of the Einstein equations is much neater. Keeping the geometrical structure of the
usual warp bubbles, it is possible to achieve regions where there is flat spacetime separated
by a wall which is the boundary of the bubble [27-29]. These investigations have led to a
better understanding of the negative energy density problem for warp drives. For example,
by working in cylindrical coordinates we have been able to write the Einstein equations in a
simple enough form to be able to see that there is a relationship between the energy density and
the tangential pressures. In particular, we have found that for dust-like fluids, isotropic fluids,
or fluids where the tangential pressures are equal, the energy density is necessarily zero [30].
All these works have in common the interest of studying the complete set of Einstein equations
in order to extract constraints and relations between the different degrees of freedom.

As can be seen in (1), the lapse function can be understood as the rate at which the proper
time elapses as seen by the Eulerian reference frame. There are several works that analyse
how the lapse function influences the general dynamics of the system. For example, in [31],
electrodynamics in curved space is analysed using the 341 formalism and it is shown that there
is a connection between the lapse function and the acceleration felt by an observer whose world
line is orthogonal to the spatial 3-surface. In other works such as [32, 33], the relation between
the lapse function and thermodynamics is explored.

In this article we aim to examine the consequences of including a general lapse function
as an additional degree of freedom to generate a warp-based bubble configuration. For this
purpose, in section 2 we will establish the metric and the energy—momentum tensor which
we will study and write the Einstein equations for this system. We then include equations of
state in order to solve the system and characterise the solutions obtained. Then in section 3
we will examine the energy conditions for this matter configuration and evaluate them using
the solutions obtained in the previous section. Finally, we will make some final considerations
and discussions in section 4.

2. The spherical warp-based bubble with lapse function

In some recent articles [28, 29], inspired by Alcubierre’s metric, we have proposed a line
element to describe a warp-based spacetime using spherical coordinates, which is
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ds? = —dZ + (dr— Bdr)* + rPdQ? )

with dQ? = d6? + sin? #d¢? and 8 = S(t, r) the form function. This line element is based on the
ADM formalism, just like Alcubierre’s original metric, though there are some differences are
worth noting which are important for clarifying what we mean by a warp-based metric. Firstly,
the metric for the flat space-like hypersurface has been expressed spherical coordinates instead
of Cartesian coordinates. The warp effects of spacetime are still given by the form function 3,
but correspond to the shift vector in the radial direction. Hence the geometry and dynamics of
such a warp bubble are rooted in this function.

A few more comments are in order. Note that Alcubierre’s original metric (1) contemplates
a positive sign in front of the form function. However, in this work we adopt the convention
proposed initially in [22] of inserting a negative sign. Secondly, Alcubierre’s original metric,
as well as later attempts of generalisation, consider a special combination of coordinates that
produce the displacement of the system. For instance, the Alcubierre ansatz can be written in
Cartesian coordinates as 3 = —vf(r), where 2 = [x — x,(¢)]> +y* + z>. Here it is precisely
the function x,(¢) which encodes the displacement of the warp bubble. In a previous work
[29], we have considered solutions of this type for the spherical metric (2). It is important to
note that we have avoided writing the form function using a coordinate combination of type
r — ry(7) that explicitly describes some kind of displacement. This allows us to focus entirely
on the analysis of the warped bubble spacetime, avoiding any effect due to the movement of
the centroid of the configuration.

In writing the spherical warp line element, the lapse function has typically been taken to
be o = 1. We want to examine what happens when we consider a general lapse function. By
doing this we obtain a new line element that is given by

ds? = —a2dP? + (dr— Bdr)> + 2dO> . 3)

Here o = «(t,r) corresponds to the lapse function which is a new degree of freedom of the
system. The conditions on functions «, 3 of the metric have been chosen such that they are
consistent with the equations and non-trivial in the inner region, and finally formulating a
metric ‘warping’ in a specific direction. As a final remark on this point, the direction chosen
in metric (3) for warping the spacetime is along the radial direction. Due to the spherical
symmetry, the resulting metric decreases the number of non-trivial components in the Einstein
equation. At the same time, as we have already discussed, the warp bubble configuration is
maintained, which is what we intend to study in this work.

Based on the motivations discussed above, the metric (3) does not describe a warp drive,
but rather a spherical bubble characterised by a single radial form function. Nevertheless, our
metric still retains the imposition on the usual warp drives, as stated in [27], the main imposi-
tion being that the matter in the warped region does not exhibit gravitational influence outside
of it, the external observer ‘sees’ only a flat spacetime. Also, the observers inside and outside
are timelike, and the tetrads of these observers are equal between them, meaning that the clock
rates of observers inside and outside are synchronized, an imposition we relaxed in our present
work. As a final remark, we can point out that this line element can be considered in the weak
Painlevé-Gullstrand form by taking the 4-vectors T, = (—«,0,0,0) and F* = (0,/«,0,0)
with the following metric factorisation

guv = (M) (0,7 + TuF) (6," + T,F") 4)

defining (4 )ap = diag{—a?,1,7%,r* cos 0}.
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Using the line element (3) we write in matrix form the metric for the spacetime
(=) B 0 0
-6 1 0 0
B = 0 o 2 0 | )
0 0 0 rsin’f

Note the off-diagonal terms that are characteristic of the warp-based metric families and the
appearance of the lapse function in the gy element.

2.1. Einstein tensor components

Let us now explore the properties of the metric proposed above. For this, we have to consider
Einstein’s equations

G =8nT,,, (6)

with G,,,, the Einstein tensor and T',,,, the energy-momentum tensor. Note that we are working
in geometric units where Newton’s gravitational constant is G = 1, and the speed of light is
c = 1. In this way, using the line element (3), the components of the Einstein tensor are

G()() = ’!;3{043 (ﬁ—FZFaﬂ) +2r52 </Baa+aa) —O(B |:B <B+2raﬂ>

or or o or

+2r(a‘2‘j+%€>”, 7)
Gor = r2i3 [—2r5 (5680; + ?,;‘) ta (ﬁz +2rﬁ% +2r%f>] , ®)
G :ﬁ [2@2%(;‘ +2r3 (5‘?)‘;%?) a([32+2rﬂg€+2r?§>}, )
Gn == {of (?;?f +r?;rf) - (6+r§)/j> <Ba; + 8;;)

B |
Gy = rszfe {a2 (g‘f +r?;3> + (6+r2€) <ﬁ%‘j + %?)

_a[ﬁ(zg/j+r§rf)+gf+r(gf):rgj;”. an

Here, note that we have considered the case where 8 = 3(z,r) and « = «(¢,r). This is reas-
onable when considering that it is the r-coordinate that could produce shifts in space and not
changes in orientation.

2.2. Energy-momentum tensor

In order to write Einstein’s field equations we consider an anisotropic fluid with radial heat
flux. This is given by

T;w = (P +pi_)uuuv +P18uw + (Pr _pl_)susu +unqy +quiy . (12)
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with p the energy density, p, the radial pressure, p; the tangential pressure and g the
scalar radial heat flux term. For writing this expression, we have considered the following
four vectors

u, =(—a,0,0,0) , s, =(—4,1,0,0) , qu=qs, - (13)

Here u,, is time-like and corresponds to an observer that moves along directions normal to
the spatial slices following geodesic curves, that is with zero acceleration, usually known as
Eulerian observers. On the other hand, s, and g, are space-like. These vectors satisfy the
relations utu,, = —1, s*s, = 1, ¢"q,, = ¢*, u"s, = u"q, =0.

Using the parametrization (13), we write the energy—momentum tensor in matrix form

a?p+B*p,+2a8¢ —(Bp,+ag) 0 0
- (ﬂpr + QQ) Pr 0 0
T = 0 0 PpL 0 (14)
0 0 0 Asin®dp,

It is important to remark that from the (10) and (11) components of the Einstein tensor and the
momentum energy tensor, both components of the tangential pressure must be equal. This is
a consequence of the spherical symmetry of the metric.

Another aspect that is important to consider is that from equation (6) and knowing that
u* = (a~!,a715,0,0) we obtain the following relation

v

1
T utu” = S—WG#VMMMV

1
=% (Goo +2BGo; + BGny)

_ B ap
8122 prar "or (15)
But we also have the relation for energy density T, u*u” = p, thus we could write
B op
=0 2r 16
P= 8rra At or (16)

This expression corresponds to the energy density as seen by the Eulerian observer.

Using the following combinations of the Einstein tensor, Go; + 5G11, Goo +28Go1 +
B%G11, G11 and Gy — 2 Gy, and the respective T, combination we can write a suitably sim-
plified version of the field equations, which are explicitly

B O«

T dmr2or 1 (17)
B B\
1 26 8a Oa ) ﬁ B\

1 ) >*a op da 0
e <—;‘+ 82> (- ﬂ+r> (ﬁ“ )
0% op op >’p _
5(5 12 >+ (az (ar) ratar>”_A' (20)
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Here A = p, — p, corresponds to the anisotropy factor. These expressions correspond to time—
dependent anisotropic warp—bubble with non—trivial lapse function. This system has in general
6 degrees of freedom: «, 3, p, p,, A, g. Therefore we need to provide two additional conditions
in order to close the system.

It is important to note that the lapse function affects all material variables. In particular, we
note that the radial heat flux depends directly on the gradient of the lapse function in the radial
direction (17). Therefore, if o= 1, it is not possible to have a metric like (2) which also has
heat flux.

As mentioned above, it is necessary to provide two additional relations in order to solve the
system of equations (17)—(20). Here we use a simple model for radial pressure and anisotropy
factor

pr=K(p—N) | @1
A=Ka(p—po) (22)

with A, K, KA appropriate real constants and py the density at the center r =0 of the bubble.
This ensures the correct behaviour of the anisotropy factor A at the origin [34]. These equations
are inspired by MIT bag models applied to astrophysical systems [35]. The choice of a lin-
ear model for the equations of state allows us to explore a simple yet non-trivial model that
produces an interesting behaviour of the physical quantities under study. All free parameters
provide enough flexibility to eventually modify the behaviour of the system in simulations and
even modelling aspects that can be subjected to experimentation.

After providing the equations of state, it is also necessary to specify initial and boundary
conditions. A careful analysis of the system of equations allows us to derive that a consistent
set of conditions is given by

a(0.)=10, (23)
2
B(0,r)=Bor* (30— r)"exp [—“_3(1)500)] : (24)
Oa
a(m0)=1, Z-(130)=0;  B(10)=5(130)=0. (25)

The initial and boundary conditions for 8 are chosen to allow us modelling the evolution of
a localised perturbation when there is no perturbation at the borders. The initial value for
B is not entirely Gaussian due to the polynomial factor and has been chosen for simplicity,
both in the model and the numerical calculations. Moreover, we have chosen as initial lapse
function «(0,r) =1 to the one that does not differ from the standard case that corresponds
with no dissipation. The boundaries are set in order to have a truncated spacetime, flat inside
and outside the warped region.

It is worth mentioning that due to the results of the numerical simulation, py =0 must be
fulfilled. Another value would be inconsistent. This can be derived from equation (16), where
it follows that 3(#,0) = 0 directly implies that the energy density vanishes in the center for
all ¢. Moreover, we have that 3(z,0) = 0 is a consequence of the initial condition (24) and
the dynamics. The rest of the parameters (3, K, Ka, ) have been set so that the numerical
simulation converges in a reasonable time.
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2.3. Numerical results

The objective of the simulation is to make a first assessment of the evolution of the system
using a robust known numerical method. The numerical simulations were implemented using
PETSc [36-39]. We employed a discretization process, finite difference (FD), and simplified
the equations. Consistency was checked by calculating the difference between the FD and the
exact forms. To solve the system, we used a backward differentiation formula of order =1
and an implicit scheme, corresponding to the backward Euler method, as implemented in the
PETSc package. Then, using the method of lines (MOL), we eliminated the spatial component
and solved a system of ODEs for time. This method approximates the derivative for a given
function and time using results from already computed time points, thereby increasing the
accuracy of the approximation.

The stability was studied, and the global error was estimated to be bounded. Further, we
made a Taylor expansion of the first and second-order derivatives and checked consistency
when Ar and At tend to zero. The global error can be estimated to be of the form ¢"*! =
AT [A () (ot — 2 +1)]|| at each step n, where e is the global error function, and
x, F, and A are vectors and matrices of size dependent on the number of spatial points N.
From the above, we can prove that the error is ¢! < exp(Tja)e® + exp(Tja) 2, where M is
proportional to the exact second derivative of x, and a is a bounded quantity. Because the global
error ¢ = 0, when the step time % goes to zero, the error is bounded, and the solutions are more
stable (see details in appendix). Since the numerical method is standard and furthermore this
work does not attempt to evaluate the effectiveness of the implemented numerical scheme, we
consider that it is beyond our scope to go further into the nature of the numerical method used.
In general, we do not expect a certain behaviour of the system, but only an estimation of how
the evolution suggests to go in the specified interval and using the selected numerical methods.
It seems, at least given the computational power and the time range considered, that the system
does not reach a steady state.

In figure 1 we depicted the form function /3, lapse function «, and heat ¢ as a function
of r for both isotropic and anisotropic systems. We have considered several time values for
solutions. As a general feature it can be seen that the form function /3 is formed by a bump
which barely changes between the isotropic and anisotropic cases. The changes can be seen
mainly around the centre of the plot.

The lapse function « has extreme points with maxima and minima. We also note that at
no time does a change of signature occur, although there are regions where o < 1 is observed.
Non-uniform « implies that time flows with different rates for the same observer at different
positions. This is a signature of local gravitational effects on the observer as it evolves over
different hypersurfaces.

Finally, the heat flow g presents a similar behaviour in both cases, the most outstanding
characteristic being the fact that there are regions with positive heat flow and others with neg-
ative heat flow.

It is interesting to study the relation between the form function 3 and the heat flux ¢, with
the lapse function «. In order to do this we plot both quantities using the coordinate r as the
implicit variable, that means correlating each of the values of « at the domain r with the value
of 8 and ¢ in the same r domain point. In figure 2, it can be seen for an anisotropic fluid that the
form function and lapse function constitute a bounded map. This might suggest that physical
behaviour is reasonable since the values of these degrees of freedom do not diverge. It is clear
that the heat flux reaches larger amplitudes along with the lapse function and then contracts.



Class. Quantum Grav. 41 (2024) 105011 G Abellan et al

025 0.25
0.20} 0.20
0.15 0.15
QY Q
0.10 o100
0.05: 0.05
0.00 0.00
1.008| i 1006
/
1.006 /- 1.004|
. 7N\ / ’/"
S 1,004 // \\ !/ S 1.002
1.002 g 1.000
1.000 0.998

£=0.001 (—) t=0.5(—) t=1.0 (===~ , t=3.0 () t=5.0(— —)

Figure 1. The plot shows the 3 function, lapse function « and heat flux ¢ as a function
of the radial coordinate r without anisotropy A = 0 (left) and with anisotropy A # 0
(right). Parameters used Sy =5 X 1076, A=0, K, =0.01, Kan = 0.01 (only for aniso-
tropic case).

Similarly, for increasing times, the path of the map becomes wider, reaching higher values of
« and g. Also seen in this figure on the right-hand side is the equation of state between radial
pressure and energy density, which shows a linear relation and was modeled using a bag-like
model pointing to a modified ideal gas equation.

Next, we have in figure 3 (left) the anisotropy factor A, the energy density p, and the radial
pressure p, in terms of the lapse function «v using r as an implicit parameter. It can be seen that
they constitute bounded maps and, as in figure 2, the shape of the plots seems to expand for
increasing times. This is due to the fact that the evolution of the lapse function departs from
«a — 1 as time evolves. As can be expected, the three plots are similar due to the equations of
state used (21) and (22), the only change being the scale associated with each physical variable.

Finally, in figure 4(a) contour map is shown relating the thermodynamical variables, radial
pressure p,, heat flux ¢, and energy density p. This plot is parameterised by the energy density.
In general there is no unique correlation with the signs of the physical quantities. However, it
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Figure 2. The left plot shows the heat ¢ and the function 8 and its dependence

with o (r implicit) for an anisotropic fluid. The parameters values are 3y =5 x 107,
K, =0.01, Ka =0.01, A=0.

can be noted that for radial pressures and energy densities greater than zero, there is a large
region with positive heat flux and only a thin zone where it is negative. Similarly, a predomin-
ance of positive heat flux is observed when the radial pressure and energy density are negative.
This process is a consequence of the lapse function deviating from its standard value o = 1.
On the other hand, figure 5 offers a different perspective of the relation between the three
variables, showing the linear character of the energy density and the radial pressure and the
non-trivial correlation between the energy density and the heat flux.

3. Energy conditions

Energy conditions are expressions that can be used to relate the quantities that appear in the
energy-momentum tensor 7',,,,. As is well known, these expressions are used more as a rough
guideline than as a constraint on these quantities. It is convenient to examine these conditions
in order to have some understanding of the behaviour of the material sector of the theory and
to be able to control non—physical aspects of the system [20, 40—44]. In the following we will
evaluate, as usual, the energy conditions for an appropriate generic observer and we will see
how these conditions are changed by including heat flow as part of the system.
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Figure 3. Plots (r implicit) between the matter quantities and the lapse function for an
anisotropic fluid. Parameters values Sy = 5 X 10’6, K, =0.01, Kn =0.01, A\=0.
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Figure 4. Density plot showing the linearly interpolated correlations between the matter
heat, radial pressure, and energy density for r = 5.0. Parameters values Sy = 5 x 107°,
K, =0.01,Ka = 0.01, A =0. The grey tones region shows the interpolation between the
three variables. The physical points correspond to the boundary of the plot; the shaded
inner region shows the energy density values at these points.

In order to examine the energy conditions, it is convenient to move to a local Minkowskian
frame in such a way that g,,, = edu.eﬁun&,é is satisfied with Najp = diag{—1,1,1,1}. For this,
we use the following change of basis

&, = (~a,0,0,0), (26)
el =(~5,1,0,0), 27)
¢, =(0,0,r,0), 28)
¢, =(0,0,0,rsind) . (29)

Here the indices with hats belong to the local Minkowskian spacetime and the indices without
hats correspond to the global spacetime. In this local frame, the energy—momentum tensor (12)
is written as

Top=(p+pr)uaus+pinss+(pr—pi)sass+usdz+qaus (30)
with the following 4—vectors
us = (—1,0,0,0) , sa =(0,1,0,0) , qa = qsa - 31

1
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Figure 5. 3D plot showing the correlations between the matter heat, radial pressure,
and energy density for t=5.0. The above view shows the linear relation between
energy density and the radial pressure. The front view depicts show us the parameter
path followed by changes in the heat. Parameters values are Sy = 5 x 107, K, = 0.01,
Ka =0.01, A=0.

In matrix form, the energy—momentum tensor is written as

p —q 0 0
L -q PDr 0 0
Tss=1 0 0 p, 0 | (32)

0 0 0 p.

which can be clearly recognised as describing an anisotropic fluid with radial heat flux.

12
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In order to study the energy conditions for a generic observer with respect to the local frame
we consider the following generic 4-vectors

v =~(1,a,b,c) , with  a?+b*+c7 <1, (33)
k¥ =(la'p'c’), with  a? b4 =1, €

with y = (1 — a®> — b> — ¢?)~ /2. Tt is clear that v® and k% correspond to 4-vectors of time and
null kind respectively. These expressions allow us to describe generic observers adapted to the
type of condition we are studying. In the case of the weak, strong and dominant conditions the
generic observer is described by (33) while in the null condition the observer is given by (34).
Now, using all these settings, we move on to study the energy conditions. For this we follow
an optimisation scheme using Lagrange multipliers and finding all the allowed solutions.

3.1 Weak energy condition (WEC)

This requires that 7', Bv& VP > 0 for a generic future-pointing timelike vector (33). We find that

p=0, (35)

p+pr—29>0, (36)

p+pL >0, (37)
2

p+1u—p —p¢>0' (38)

So the WEC is satisfied for any observer in the local frame if each of the above inequalities
is satisfied. We see that this condition is affected by the inclusion of heat flux. From plots (a),
(c), (d) and (e) in figure 6, we can see that the weak condition is not satisfied for any instant
in the studied domain.

3.2. Strong energy condition (SEC)

The SEC imposes a bound on the Ricci tensor R,,,, which yields an evaluation of the following
expression

1 o
(m 3 77@5) v > 0. (39)

The following relations follow from this expression

p+pr+2p1 >0, (40)

p+p-—2g>0, (41)

p+p1 >0, (42)
2

p+pJ_—p pr>O' (43)

Note the dependence on heat flow. From plots (b), (¢), (d) and (e) in figure 6, we can see that
the strong condition is not satisfied for any instant in the studied domain.

13
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Figure 6. Plots for WEC, SEC, NEC conditions. Parameters values 8y =5 x 107°,
K, =0.01,Ka =0.01, A=0.
3.3. Null energy condition (NEC)

The NEC T, Bk@kﬁ > 0 is analogous to weak condition but with null vector k% replacing the
time vector v*. This time, using (34) we obtain

p+pr—2920, (44)
q2
P+PL_H2O- 46)

Here we have used condition a’?> 4+ b’?> 4 ¢’> = 1. The NEC includes a contribution both from
the heat flux and tangential pressure. From plots (c), (d) and (e) in figure 6, we can see that the
null condition is not satisfied for any instant in the studied domain.

3.4. Dominant energy condition (DEC)

In this case, it is required that the expression F® = T&Bvé is a future-pointing causal vector.
So that F&F,, < 0 is fulfilled.
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Figure 7. Plots for DEC condition. Parameters values [y =5 X 10’6, K, =0.01,
Ka =0.01, A=0.

Using (32) and (33), and after some straightforward calculations, we find that
FOFs = T‘QﬁTM VT = —4%(p —aq)® + v (ap, — q)* +7*b*p% +~*c*p? . So we obtain the
following expressions

P —q >0, A7)

(p—a)—(pr—q)* >0, (48)

p—pi—q >0, (49)

s 2 o, Plo-p)

pr=pi—q¢+5—5—5>0. (50)
Pr—P1 — ¢4

where we have used the condition a + b + ¢* < 1. Note the appearance of heat flow in this
expression. What we find is that heat flow cannot dominate all other physical variables. In this
case, we see that plots (a), (b), (c), and (d) in figure 7 show that the DEC is satisfied.

It is important to note that for the WEC, SEC and NEC conditions the plot (e) in figure 6
shows a singularity because the anisotropy vanishes at that point. The expressions (38), (50)
are obtained by considering an observer with arbitrary time and null 4—velocity respectively,
and are expressions that are rarely reported in the literature. As can be noted in plot (a) of

15
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figure 6, the energy conditions are dominated by the energy density. It is also observed that,
while there are regions of the domain in r where the conditions are satisfied, this is in general
not true for the entire domain for all energy conditions. It is interesting to note that the DEC
is satisfied in the whole domain and for every instant z.

Finally, it is interesting to note that the energy-momentum tensor examined (32) could be
labelled as type I according to the [45] classification. An energy—momentum tensor of type
I has a timelike eigenvector and in our case it occurs as long as condition p + p, —2g > 0 is
satisfied. This expression appears in each and every energy condition shown above, even in
the DEC, although it is not obvious, since (p —¢q)> — (p, — q)* = (p —p,)(p+p, —2q). An
in-depth review of this type of matter content can be seen in [46] and more recently [47, 48].
For an extended review of the Hawking—Ellis classification see [49] and the references therein.

4. Final remarks

In this work, we have analysed the effect of considering a lapse function « as an additional
degree of freedom on a spherical line element describing a warp-based bubble in spherical
coordinates, which itself is characterised by the form function (5. The objective has been to
understand the consequences on the material content of the system after including a spherically
symmetric general lapse function. This can be useful by itself either for modelling some kind
of phenomenology or from a purely theoretical perspective.

As we have shown in previous work [30], spherical symmetry allows us to find a neater
system of equations, eliminating the redundant relations from Einstein equations of warp-like
systems. This is particularly useful when dealing with problems involving material distribu-
tions, where one can clearly read the links with matter and the energy conditions involved.

The main result of this work is that for the proposed line element and considering a general
lapse function of the form «(t,r), we have been able to include the heat flux in the energy—
momentum tensor.

It can be seen from writing the Einstein equations that there is a direct dependence between
the lapse function and the heat flux. For instance, it is evident that by making the lapse function
independent of the radial coordinate, the heat flux disappears. This fact includes the trivial and
extensively studied case in the 341 formalism where o = 1. However, it leaves open the pos-
sibility for a non-trivial uniform lapse function which is a function only of the time coordinate.

Since the lapse function is related to how observers measure the time dilation and since we
have seen that the heat flux is related to the spatial derivatives of the lapse function, we can
conclude that there is a correlation between the rate of flow in the clocks of different observers
and the heat flux. We also note that the proposed metric shares some resemblance with the
Godel metric and it is well-known that this metric admits closed time-like curves [45, 50].
This is beyond the scope of the present work but we believe it is worth exploring these aspects
in future research.

To solve the system it was necessary to indicate additional conditions. We choose a linear
model as the equation of state for both radial pressure and anisotropy. Such equations are
common and their phenomenology is that of the classical ideal gas and is well known. When
solving, we note that qualitatively there is no large difference between the isotropic and the
anisotropic system (see figure 1). We have found that the Einstein equations allow the evolution
of the lapse function in a non-trivial way, with the heat flux being related to the spatial gradient
of the lapse function. We have also mapped the main physical variables in terms of the lapse
function, finding in all cases that the functions are well-behaved (figures 2 and 3). In all of
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the cases, as time evolves, the physical quantities present an expanding behaviour from the
lapse function value o = 1. We find interesting the contour plot relating p, p,, and g, which
gives an idea of the interplay between the three main thermodynamic variables (figure 4). We
have found large regions where there is almost no heat flow, with the maximum and minimum
values corresponding to a non-trivial point of intermediate energy density and radial pressure.

We then reviewed the weak, strong, null and DECs, from which we have been able to extract
constraints for the components of the energy-momentum tensor and therefore relations for mat-
ter that would enable this spacetime to be supported. We have performed the full analysis by
switching to a local Minkowskian observer and then introducing time and null-type generic
vectors to describe any observer with respect to the local frame. In order to achieve the results,
a simple optimisation scheme was carried out and additional expressions were obtained which
are not usually reported in the literature. What we have found is that only the DEC is satis-
fied while the weak, null, and strong conditions are not. Nonetheless, there are regions of the
domain in r where all the conditions can be said to be satisfied; although they are clearly not
satisfied for the whole domain. However, as we have shown in a previous study [28, 30], the
energy conditions should be evaluated by considering the complete set of Einstein equations.
Thus, the observance of the energy conditions is much more subtle and must be treated with
care.

Given that our geometric impositions are the same as warp drives, a system comparison
is in order. In relation to that, a difference can be noted, as it has always been stated that
for this type of spacetimes, the energy conditions are never satisfied. This can be seen in the
Alcubierre metric and in more general ones like [51] where the WEC is always violated in
the whole space domain. Moreover, it has been observed that for certain systems the NEC is
always not fulfilled [14]. In contrast, in the system studied in this article, although the energy
conditions are also violated in general, we can see for instance that there are space regions
where the energy density is positive suggesting that by adding features to the material sector
and making it more complex, there could be a path for a class of systems that does not fully
violate the energy conditions.

In summary, we have found that by broadening the metric into considering the lapse func-
tion as an additional degree of freedom, it is possible to include heat flow within the matter
content of the system. This, in turn, expands the modelling possibilities of the warp-based
and potentially warp drive metrics and could therefore open up new avenues for theoretical
explorations and developing applications.

We believe that it is essential to continue research into the different possibilities of the warp
metric as well as the various ways to include different types of matter. This would be extremely
useful not only for the complete understanding of warp theory and phenomenology but also
for possible applications.

Data availability statement

No new data were created or analysed in this study.

Appendix

This appendix aims to give more details about method, the convergence, consistency and
stability of the system of equations. The system of differential equations components
obtained is
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8 O«
 4mra? Or =1 G
éz <B + 2raﬁ> = 87Ta2p , (52)
r or
2rax a—+2 ﬁ(ﬁa‘)‘+ao‘> (52+2 ﬂ—5+2 aﬁ) =812a’p, (53)
or ot 0
a O op Ox 804
° (raz -5)+ (70 05+ %)
0? 0 0 0?
B rzﬁ ﬁ (;—r<(£> —rataﬁr>] 287T72043A, 54)
with the constitutive relations (equations of state)
Pr= Kr (P - )‘) ) (55)
A=Ka(p—po) - (56)

Note that we are solving a system of six equations with six unknown functions, of which only
« and 3 have explicit dynamics.

A.1. Consistency and stability of the numerical method

The consistency analysis of the numerical scheme section delves into the discretization of the
Einstein equation components, specifically focusing on translating these components into a
form suitable for numerical evaluation at discrete spatial and temporal points.

The discretized form of a specific Einstein equation component at a spatial point i and a
temporal point n is shown by:

2 Qipn — Qi—1n A —Qi—1n Qipn — Qi p—1
2ria;, — X T 21 Bin (ﬁ, N + A; )
ﬁi,n - 5i71,n
- ai,nﬂiz,n - 2ri O‘i,nﬂi,n Ar
/61'771 - ﬁi,n 1 ﬁl N} ﬁ Bz 1,n _
2rlal,nT 87”20[ K l 5ln+2r,T —O (57)

This equation is then simplified to enhance the clarity of the numerical scheme’s consistency
analysis. The simplification process involves summarizing the effects of spatial and temporal
discretization on the system’s evolution. To accurately capture the derivatives, Taylor expan-

sions are employed:
AP Pa o*a
+68r3(€”n)+0<8r4>’ (58)

with similar expressions for 3, showcasing the approach to approximating first and second-
order derivatives in both space and time. The core of consistency analysis is encapsulated
under the condition that the limit of the discretized equations approaches the original continu-
ous equations as the discretization steps Ar and At approach zero. This analysis underscores

Ard*a

Qin— Qi 1, Oa Ar
2 or?

Ar _Ei,n_

i,n
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the scheme’s ability to accurately represent the dynamics dictated by the continuous model,
thereby ensuring that the numerical method is consistent with the theoretical underpinnings of
the Einstein equations.

The consistency of a numerical scheme for solving differential equations, notably those
derived from Einstein’s equations, is predicated on the convergence of the discretized operator
to the continuous operator as the discretization steps in space, Ar, and time, At, approach zero.
This is formalized by the condition Lu — Lupp = 0, which asserts that the error between the
theoretical and numerical solutions diminishes with finer discretization.

The stability analysis of the MOL ensures that the solutions to the system of differential
equations remain reliable. After employing the MOL and the Backward Euler method, a system
of ordinary differential equations is formulated in the following generic form:

A () (2 —x) = hF (1), (59)

where x and F are vectors of size N with components that are given by the «; and [3;, repres-
enting the number of spatial points, and A is an N x N matrix comprising the coefficient’s of
the system terms. h is used to denote the step size. It’s assumed that A is invertible at any time
t, leading to the global error representation E:

Bt = A7 (1) [A (1) (57— )] ) (60)

which represents an expression that involves the difference between the exact solution x/;!
and the numerical solution x"*! at a given time step n + 1. This equation is then adjusted to:

Eror = A7 () [A ) A ) - e D)

further refining the expression for the global error. Using the property of norms in R™, the error
can be expanded and estimated as follows:

En+l < ||A—1 (xn+l) [A (xn—&-l)xZX_A(xn-H)xn} ||
AT ) RF ) = F O]
+ AT () [A () R — A () X — hF (D)) (62)

The stability of a numerical scheme can be quantitatively described by bounding the global
error E, |, expressing how the error at the next time step E, is related to the error at the
current time step E,, considering the step size h. This is found by obtaining bounds for the
function matrix A by proving that it is Lipschitz continuous; that is, if there exists a constant
L, known as the Lipschitz constant, satisfying

f(x1) —f(x2) | < Llxt — xa,

for any two points x; and x, within that domain. This condition ensures that the function’s rate
of change is bounded by L, offering a constraint on the function’s first derivative across the
domain. After a long proof, A(x) is found to be Lipschitz continuous, then
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G A () = 33y (1) — ay (1),

i=1j=1

N N
<O Lyl x|

i=1j=1

N N
SLAOZZHXJQI — x|

i=1j=1
= LyoN?|[xfF — x| (63)

where L;; are the Lipschitz constants of a;(x) and Lyo = max(L;;). Now putting Ly = LaoN?
A (1) = 4 (0 |<Lal ] =1 = LB (64)
After including the previous inequalities and some large calculation, we find that,

Mh
Eny1 < exp(Tpa) Eo +exp (Tya) 2
where Tra represents the final time up to which the simulation or numerical method is run and
x.!(t,) = M. This implies that the error goes to zero as the time step  goes to zero.

In figure 8, the error analysis involves the calculation of residuals (the difference between
the left-hand side and the right-hand side of an equation, given a current approximation in the
PETs package) from the fundamental equations at every point in the spatial domain. To obtain
a measure of error that is comparable across different scenarios, the sum of these residuals is
normalized by the total number of equations, which corresponds to twice the number of spatial
points due to the dual equations evaluated at each point.

The process begins with the computation of residuals for each of the equations, reflecting
the current discrepancy from the true solutions. These residuals are then summed across the
spatial domain to gauge the overall error at a given time step. By dividing this sum by the total
number, an average residual is obtained, offering a standardized metric of error per equation.

20



Class. Quantum Grav. 41 (2024) 105011 G Abellan et al

Tracking the average residuals over successive time steps provides information on the conver-
gence behaviour of the solver. A decrease in the average residual indicates an improvement in
the performance of the solver.
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